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_ INTRODUCTION
Let X be a compact Hausdorff space. We shall denote by C^(X) the real Banach space of continuous real valued functions on X, and by Cc(X) the complex Banach space of continuous complex valued functions on X, supplied with norms denoted by ||.|| and defined by
m=^p\f(x)\.
Suppose that B is some linear subspace of either Cr(X) or Cc(X) that distinguishes points of X and that contains the constant functions. We aye concerned in this paper with the problem of representing the linear functionals in the dual space B* of B by measures on X. It is well known that such representations are always possible; if B is a linear subspace of C^(X), by the Hahn-Banach theorem, any L in B* extends to a continuous linear functional of Cp(X) and thus by the Riesz representation theorem, there will be some signed Baire measure (x on X so that (1.1) L{f)=ffd^ all/* in B.
If B is a linear subspace of Cc(X), a similar argument shows that each L in B* has a representation of the form (1. 1) for (JL a complex valued Baire measure. There are cases in which it is possible to find a subset Y of X which is such that each L in B* has a representation of the form (1. 1) for some (A concentrated on Y. In this paper we introduce such a subset, the Choquet boundary of B.
The Choquet boundary of B is denoted by M(B) and consists of all points a? in X having the following property: there is a unique positive Baire measure pi that represents, in the sense of (1. 1), the linear functional L.p defined by This unique (A will of course be the unit point mass at x. In the case that B is a uniformly closed subalgebra of Cc(X) and X is metrizable, M(B) is the minimal boundary of [3] and [4] . We show in Section 4 that the extreme points of the subset tL:LeB*, L(1)==||L||==1|
of B" are those L,, defined by (1. 2) for x in M(B). From this and the Krein-Milman theorem it follows easily that any L in B* has a representation of the form (1. 1) with (x a measure concentrated on the closure of M(B).
The question that concerns us is whether it is possible to choose the measure (A so that it is concentrated on M(B) itself. If X is metrizable, an application of the theorem of Choquet in [7] shows that this is indeed possible. We proceed in the reverse direction, showing directly that the measure can be concentrated on M(B); this leads to a relatively simple proof of the Choquet theorem.
In the case that X is not metrizable the situation is much more complicated. We give examples in the concluding section of the paper to show that M(B) need not even be a Borel set. We prove nevertheless that each L in B* has a representation of the form (1. 1) for a measure (JL that is « concentrated on M(B) » in following sense : it is a measure on the o--ring generated by M(B) and the Baire sets of X, and is zero on each set in this a-ring which is disjoint from M(B). Furthermore if L(l) === ||L||, the measure (JL can be chosen to be non-negative. This leads to an extension of the theorem of Choquet to convex sets that are not metrizable.
The existence of measures concentrated on the Choquet boundary is obtained roughly as follows. An ordering relation on the class of non-negative Baire measures on X is introduced. We say that (A is a B-cover of IQ if ffd^=ffd^ aliyinB, and
We say that (JL is a proper B-cover of r\ if (A is a B-cover of Y) and furthermore the inequality in (1. 3) is strict for some f in B. Y) is called B-maximal if it has no proper B-cover. A simple argument using Zorn's Lemma and weak* compactness assures for any given non-negative Baire measure Y], the existence of a B-maximal (X that is a B-cover for Y). The crucial result now is theorem 5. 3 which shows that ;x(S) == 0 if (A is B-maximal and S is disjoint from M(B). From this it follows simply that any B-maximal (JL can be extended to a measure « concentrated on M(B) » in the sense described above. Since each linear functional in B* has a representation of the form (1. 1) for some Baire measure pi on X, and such a (JL is a linear combination of non-negative Baire measures, and each nonnegative Baire measure has a B-maximal B-cover that is concentrated on M(B), it follows that any linear functional in B* has a representation of form (1. 1) for some a concentrated on M(B). Section 6 is devoted to uniformly closed subalgebras of C,(X). We give somewhat simpler proofs of some of the results of [3] and [4] and remove the hypothesis of metrizability of X imposed there. We show that if A is a uniformly closed subalgebra of Cc(X) that distinguishes points of X and contains the constant functions, the points x of M(A) can be characterized by either of the following conditions :
I. For each neighborhood U of x there is a function f in A with 11/11^1, f(x) > 3 and \f(y)\ < 1 for all y not in U. A subset Y of X is said to be a boundary for A if for each f in A there is some y in Y with \f{y)\ = \\f\\. It is a simple consequence of the Krein-Milman theorem that the Choquet boundary of A is a boundary for A. Condition II shows that in addition, any Baire subset of X that is a boundary for A must contain M(A). Furthermore if X has the property that each point is a G § (in particular if X is metrizable), condition II shows that for each point x of M(A) there is some f in A that « peaks » at x, so that M(A) is the smallest boundary for A, that is, the minimal boundary (for X metrizable, this was established in [3] and [4] ). If not every point of X is a G$, there may be no smallest boundary, even if A is all of C,(X).
Since each L in A* has a representation of the form (1. 1) for (x a measure concentrated on M(A), it is reasonable to inquire whether for any set Y that is a boundary for A, a measure can be found that represents L and is concentrated on Y. We show by example in Section 7 that this cannot be done for linear subspaces of Cc(X) that are not subalgebras. Nevertheless we are able to show that for subalgebras such measures can always be found. The existence of these measures was suggested to us by Irving Glicksberg, who studied essentially the same problem for the case A = Cc(X) in [8] .
In all that follows, by « subspace of C^(X) » (or « of Cc(X) ») we shall mean a linear subspace containing the constant functions, but not necessarily closed or distinguishing points of X. For applications it is useful to have results concerning not necessarily closed linear subspaces; furthermore it is necessary for technical reasons for us to consider linear subspaces that do not distinguish points of X. By « measure » in the following, we shall always mean finite measure.
II. -THE BASIC DEFINITIONS
In the following X is a fixed compact Hausdorff space. We shall denote by H the class of all non-negative Baire measures on X. This class H will be identified in the usual manner with a subset of the dual space of C,.(X). By the weak* topology of H we shall mean the restriction to H of the weak* topology on the dual space of Cr(X). The basic fact concerning the weak* topology that we shall need is that bounded closed subsets of H are weak* compact.
The following allows us to reduce questions concerning linear functionals on subspaces of Cp(X) or Cc(X) to questions about the Baire measures in H. A measure Y) will be called B-maximal if it has no proper B-cover. Much of the work done in the remainder of the paper goes into demonstrating that any B-maximal measure must be concentrated on the Choquet boundary of B.
The following two lemmas will be applied later. PROOF. -By the Schwarz inequality, for each f in B,
LEMMA 2. 4. -Let B be a subspace of C,.(X). Then each Y) in H has a B-cover that is B-maximal.
PROOF. -Consider subsets ^pi^ aej of H indexed by totally ordered sets J, where the ordering is such that pip is a B-cover of (Xa if a < p. By Zorn's lemma there is a maximal such subset |(Xaj aej that contains Y). Since B contains the constant functions, each pi^ is in
(2. 5) is compact in the weak* topology and thus contains a weak* cluster point pi for the net |piaJ aej. It is clear that (A is a B-cover of Y) and that pi is B-maximal.
III. -REPRESENTATION OF LINEAR FUNCTIONALS IN THE SEPARABLE CASE.
The main result in this section is Theorem 3. 2. Using it we establish in Theorem 3. 4 the possibility of representing linear functionals on B by measures on the Choquet boundary of B in the case that B is separable, that is, has a countable dense subset. Theorem 3. 2 will also be applied later in the non-separable case.
We shall need the following well known lemma. We can now prove THEOREM 3. 2.
-Let B be a subspace of C^(X), and ^ in H be a B-maximal measure. Let S be a closed subset of X which has the following property: there is a separable subspace
The statement of this theorem is necessarily complicated as it must be applied later to the situation where B is not separable. In that case D will necessarily be a proper subspace of B and will not distinguish points of X. In the application in this section however D = B, and in this case the hypothesis on S in the theorem becomes simply that it be disjoint from the Choquet boundary of B.
PROOF OF THEOREM 3. 2. -Let |/*n: n = 1, 2, ... j be a countable subset of D that is dense in D. For each pair of positive integers n and m define L^n to be the subset of X consisting of all x for which there is some (A in H.p(B) with. has o" measure 1. Since this holds for each o" in HLp(B), x cannot be in S. This completes the proof of the inclusion (3. 2).
We now show that (1(S) > 0 contradicts the B-maximality of pi. Suppose that pl(S) >0. Then by (3. 2), (l(L^) >0 for some L^. Let v be the measure in H that is the restriction of (JL to L^ : i.e., v(T) = pl(T n L^) for all Baire sets T. Now ^ =f=0 since v(X) = p-(L^) ^= 0. By Lemma 3. 1, v is the limit in the weak* topology of a net [va] The following is an immediate consequence of Lemma 2. 1 and Corollary 3. 3. To show that 1 implies 2, suppose that x is an extreme point of X. Let p. be in H.c(B). We shall show that (JL is the unit point mass at x so that x is in the Choquet boundary of B. 1. Lo is an extreme point of
There is a point x in M(B) so that L,(f)=f(x), allf in B.
PROOF. -To show that 2 implies 1, suppose that L»o is not 4 an extreme point of (4. Since Lo=^Li, ^{i^x)) < 1. Let ^= y(p4+t^)-Then (A is in H.c(B) and ^(^(aO) < 1, so x is not in M(B). This completes the proof that 2 implies 1. To show that 1 implies 2, suppose that Lo is an extreme point of (4. 7). By Lemma 2. 1 there is a measure (JL in H so that L,{f)=ffd^ all/-in B.
Let Si be any Baire subset of X with 0 <; ^(^i) < I? and Sg = X -S^. Then if the linear functionals Li and Lg in (4. 7) are defined by
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we have a representation of Lo as a convex combination
of points in (4. 7). Since Lo is an extreme point of (4. 7), this must be a trivial representation, so
fjd^=^S)ffdf
or all fin B and all Baire S in X. Thus each jfinBis constant almost everywhere with respect to (JL, and if x is chosen to be in the carrier C((x), of (x, that constant value must be f{x). This shows that Lo(/*) = f{x) for all fin B and that (4. 8) C(^) c \y : f{y) = f{x), all f in B j = i^x).
Since (A could have been chosen to be any measure in HJB), (4. 8) shows that x is in M(B). This completes the proof of the lemma.
LEMMA 4. 3. allows us to draw a useful conclusion concerning the relation between M(B) and (CM) where B is a subspace of Cr(X) and C is a subspace of B.
For this we need the following. 
M(C) c ic(M(B)).
PROOF. -Let y : B* -^ C* be the adjoint map of the natural injection of C into B; 9 is continuous in the weak* topologies. Because of the Hahn-Banach theorem, the image of the weak* compact set 
Since y is in M(B), (4.11) shows that x is in i'c(M(B)). Since x was any point in M(C), it follows that M(C) c ic(M(B)), as was to be proved.

It is worth noting that under the hypotheses of Corollary 4. 5, neither M(C) c M(B) nor M(B) c M(C) holds in general.
V. -REPRESENTATION OF LINEAR FUNCTIONALS IN THE GENERAL CASE
The purpose of this section is to extend our Theorem 3. 4 on the representation of linear functionals to the case of subspaces that are not separable, and to use this result to remove the hypothesis of metrizability in the Choquet theorem.
If B is a subspace of C^(X) that distinguishes points of X, the fact that any linear functional in B* can be represented by a measure concentrated on the Choquet boundary of B follows simply from the following (which is our Theorem 5. 3) : If (A in H is B-maximal and S is a Baire set disjoint from M(B), then (A(S) = 0. This in turn is an immediate consequence of Theorem 3. 2 if it is possible to find for each x in S a measure (T in H,(B) with cr(S) < 1. It is the establishment of the existence of these measures that is the main work of this section. This is accomplished by a reduction to the separable case and an application of Corollary 3. 3.
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For each subset S of X, we shall denote by ^s the characteristic function of S, , v _^1, x in S XsW-jo^notinS. For the converse suppose that 2 does not hold. Let g be a function in C^(X) with g ^ y^g and Sup^^eB, /^g^l-6.
Define the linear functional L^ on B by
La; is a positive linear functional on B (that is, non-negative on non-negative functions) and thus by a standard result (see [10] M(B) ; to be precise, there is a measure p. on the fj-ring generated by M(B) and the Baire sets that satisfies
all Baire S, and pWB)) = pi(X) = 1.
PROOF. -Any set T in the a-ring generated by M(B) and the Baire sets has a representation of the form Throughout the remainder of this section, A is a uniformly closed subalgebra of Cc(X) that distinguishes the points of X and contains the constant functions. It is well known that there is a smallest closed boundary for the algebra A, the Silov boundary (the Silov boundary has been related to extreme points in [I] , [2] and [5] ). We are concerned here with boundaries that are smaller than the Silov boundary, and in particular with the question of whether if B == A, Lemma 6. 1 is the strongest result possible; i.e., whether any boundary for A must contain the Choquet boundary of A. We show that this is indeed so if each point of X is a Go, while we show in the general case that any boundary for A that is a Baire set must contain the Choquet boundary of A.
In order to do this we must study two properties of points of X that are equivalent to being in M(A).
We shall say that a point x of X satisfies Condition I if for each open neighborhood U of X there is some f in A with \\f\\^ 1/^)1 >|-and \f{y)\<^ for all y outside of U.
We shall say that a point x of X satisfies Condition II if for each closed set S containing x that is a G §, there is some function f in A with \f(x)\ == \\f\\ and \y''\f{y}\-\\f\\\N ote that if \x\ is a G §, Condition II simply states that there is some f in A « peaking » at x. This equivalence for the case X metrizable is contained in [4] . This result for X metrizable was established in [4] . PROOF. -Since Y c X -S, the set X -S is a Baire boundary for A. By Corollary 6. 7, M(A) c X -S, so that S is disjoint from M(A). It follows from Theorem 5. 3 that pt,(S) == 0. THEOREM 6. 9. below now follows from Lemma 6. 8 in the same manner that Theorem 5. 5 follows from Theorem 5. 3. We omit the details. 
VII. -EXAMPLES
We present in this section a class of examples showing that the Choquet boundary, which must be a G § in the separable case, can be arbitrarily bad in general. We also show that Theorems 5. 3 and 5. 5 cannot be strengthened to assertions about Borel sets rather than Baire sets. Finally there is a simple example which shows that the analogue of Theorem 6. 9 for subspaces rather than subalgebras is false.
Let |Y.c^ex be a family of disjoint non-empty topological spaces indexed by a topological space X. Let Y == ^J Ya; . xGY
We shall now consider a special case of the above construction. Let X be an arbitrary compact Hausdorff space and K an arbitrary subset of X. For each x in K, let Ya; consist of the one point s^ and for each x in X-K, let Y.^ be the discrete topological space consisting of the three points Its Choquet boundary is (7. 1) and is therefore easily seen to satisfy Y -M(B) == ^(X -K). Since K was an arbitrary subset of X, this shows that the Choquet boundary can be arbitrarily bad. An example of a bad boundary has also been given by Choquet in [8] .
Suppose now that in this example we take X to be the unit interval with the usual topology and K to be the void set. Let v be Lebesgue measure on X, and let (A be the Baire measure on Y defined by ;x(S) = v(^(X) n S)) for all Baire subsets S of Y. Then (JL is B-maximaL Nevertheless its regular Borel extension p. satisfies (1 (M(B) ) == 0. This is in contrast to Theorem 5. 3 which shows that a B-maximal measure must be « concentrated on M(B) » in the sense that p-(S) == 0 for each Baire set S disjoint from M(B). The example shows that the conclusion of the theorem cannot be strengthened to p.(S) being 0 for each Borel set S disjoint from M(B), even if M(B) itself is Borel. It also shows that the measures (JL appearing in Theorem 5. 5 may not be regular.
In order to obtain a more striking example, we take X to. be the subset of the complex plane
X=[z:\z\^i\
in the usual topology, and take K to be the set K= {z: z\<iF or each x in K, let Ya; consist of one point s^ and for each x in X -K, let Ya; be the discrete topological space consisting of the three points \ r^, s^ and t^ \. To this end, we first note that the only compact subsets of M(B) are finite, by the definition of the topology on Y. It follows that in order to show that p. (M (B)) ==0, it will be sufficient to show that p. (\ rgc \) = y-{{ tx 0 == 0 tor each x in X -K. Assume that this is not the case, so that
